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Performance of the vertically/obliquely reinforced 1-3 piezoelectric composite material as the constraining layer

of the active-constrained-layer damping treatment for controlling geometrically nonlinear vibrations of the

functionally graded plates subjected to a temperature field has been investigated. Unlike the existing analyses, the

finite elementmodel uses the induced transverse normal stress in the active constraining layer for the active damping

of nonlinear vibrations of the overall functionally graded plates. The temperature field is assumed to be uniform over

the substrate plate surfaces andvaried through the thickness of the host functionally gradedplates. The temperature-

dependent material properties of the functionally graded substrate plates are assumed to be graded in the thickness

direction of the plates according to a power-law distribution, and Poisson’s ratio is assumed to be a constant over the

domain of the plate. The constrained viscoelastic layer of the active-constrained-layer damping treatment ismodeled

using the Golla–Hughes–McTavish method. The first-order shear deformation theory and the Green–Lagrange

nonlinear strain-displacement relations are used to model the open-loop and closed-loop nonlinear dynamics of the

overall functionally graded substrate plates under a thermal environment. The analysis suggests the potential use of

the active-constrained-layer damping treatment with its constraining layer made of the vertically reinforced 1-3

piezoelectric compositematerial for active control of geometrically nonlinear vibrations of functionally gradedplates

in the absence or presence of the temperature gradient across the thickness of the plates. The analysis also reveals that

the active-constrained-layer damping patch is more effective for controlling the nonlinear vibrations of functionally

graded plates when it is attached to the softest surface of the functionally graded plates than when it is bonded to the

stiffest surface of the plates. The effect of piezoelectric fiber orientation in the active constraining layer on the control

authority of the active-constrained-layer damping treatment has also been investigated.

I. Introduction

I N RECENT years, extensive research has been carried out on a
new class of composite materials known as functionally graded

(FG) materials (FGM). The FGM are nonhomogeneous and
attributed by a smooth and continuous variation of material prop-
erties, particularly along the thickness direction. In an endeavor to
develop the super-heat-resistant materials, Koizumi [1] first pro-
posed the concept of FGM. These materials are microscopically
heterogeneous and are typically made from isotropic components,
such as metals and ceramics. The traditional laminated composite
structures can be tailored to design advanced structures, but the sharp
change in properties of each layer at the interface between the
two adjacent layers causes large interlaminar shear stresses that
eventually may give rise to the initiation of imperfections such as
delamination. Such a detrimental effect can be mitigated by grading
the properties in a continuous manner across the thickness direction.
For example, Teymur et al. [2] carried out the thermomechanical
analysis of materials that are functionally graded in two directions
and demonstrated that the onset of delamination could be prevented
by tailoring the microstructures of the composite plies. Thus, the use
of FGM may become an important issue for developing advanced
structures. A great deal of research has already been reported on
the exact solutions [3,4], dynamic analysis [5–7], and nonlinear
thermoelastic analysis [8–11] of structures made of functionally
graded materials during the past few years.

In the quest for developing lightweight high-performing flexible
structures with self-controlling and/or self-monitoring capabilities,

the piezoelectric materials are extensively used by exploiting its
converse and direct piezoelectric effects as distributed actuators or
sensors that are either surface-mounted or embedded in the host
structures [12,13]. Considerable interest has also been focused on
investigating the performance of the functionally graded plates
integrated with the piezoelectric actuators [14–16]. Further research
on the efficient active control of the flexible structures using low-
control-authority piezoelectric materials led to the development
of the active-constrained-layer damping (ACLD) treatment [17].
The ACLD treatment consists of a layer of viscoelastic material
constrained between a host structure and an active constraining
layer made of piezoelectric material. During the flexural vibration
of the host structures, the active constraining layer not only restrains
the constrained viscoelastic layer to undergo transverse shear defor-
mations, but also enhances the transverse shear deformations to
cause improved damping characteristics of the overall structure over
the conventional passive constrained-layer damping treatment.
Hence, the ACLD treatment has earned wide acceptability for
efficient and reliable control of flexible structures [18–23].

One of the various piezoelectric composites proposed by the
researchers to date is the vertically reinforced 1-3 piezoelectric
composite [24] and is commercially available (Materials Systems) in
the form of laminas. The constructional feature of a lamina made of
this 1-3 piezoelectric composite is that the piezoelectric fibers poled
along their length are vertically reinforced in the epoxymatrix across
the thickness of the lamina. Because the magnitude of the effective
piezoelectric coefficient e33 of this piezoelectric composite is much
larger than that of the effective coefficient e31 [24], the induced
normal stress in the thickness direction will be larger than the
in-plane normal stress, due to the applied electric field across the
thickness of the lamina. This induced normal stress in the thickness
direction causes transverse normal actuation and can be exploited for
flexural deformation or vibration control.

Recently, Ray and Pradhan [25,26] investigated the contribution
of the induced transverse normal stress in such 1-3 piezoelectric
composite material for active-constrained-layer damping of com-
posite beams and plates. Panda and Ray [27,28] carried out the static
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analysis for the geometrically nonlinear deformations of the FG
plates integrated with a layer/patch of distributed actuator made
of the vertically reinforced 1-3 piezoelectric composite material. To
the authors’ best knowledge, no work has yet been reported on
the performance of the ACLD treatment for active control of
geometrically nonlinear transient vibrations of smart FG plates under
a thermal environment using the vertically/obliquely reinforced 1-3
piezoelectric composite.

In this paper, the authors intend to investigate the performance of
the vertically/obliquely reinforced 1-3 piezoelectric composite as the
material of the active constraining layer of the ACLD treatment for
controlling the geometrically nonlinear transient vibrations of FG
plates in the absence and the presence of a temperature field through
the thickness of the host FG plates. Based on the first-order shear
deformation theory and the Green–Lagrange nonlinear strain-
displacement relations, a three-dimensional finite element model
has been developed to model the open-loop and closed-loop
nonlinear dynamics of the FGplates integratedwith a patch ofACLD
treatment. For time-domain analysis, the constrained viscoelastic
layer of the ACLD treatment is modeled by the Golla–Hughes–
McTavish (GHM) method [29,30]. The effect of the variation of
piezoelectric fiber orientation angle in the piezoelectric composite
constraining layer on the performance of the ACLD treatment for
controlling the nonlinear vibrations of FG substrate plates has also
been investigated.

II. Finite Element Modeling

Figure 1 illustrates a simply supported FG substrate plate made of
two homogeneous isotropic materials (ceramic and metal). The top
surface of this FGplate is integratedwith a patch ofACLD treatment.
The constraining layer of the ACLD treatment is made of vertically
or obliquely reinforced 1-3 piezoelectric composite material. The
FG substrate plate is considered to be subjected to the thermal

environment, such that its ceramic-rich and metal-rich surfaces are
exposed to the constant temperatures Tc and Tm, respectively. The
middle plane of the substrate plate is considered as the reference
plane, and the planes parallel to the reference plane are assumed to be
isothermal planes. The variation of temperature is considered to
occur only through the thickness of the host FGplate. The top surface
of the FG plate and the ACLD patch are always exposed to the room
temperature (T0 � 300 K), and it is assumed that the FG plate is free
of thermal stress at room temperature.

The origin of the reference coordinate system is located at one
corner of the reference plane, such that the lines x� 0; a and y� 0; b
represent the boundaries of the FG plate. The thickness of the FG
substrate plate, the viscoelastic constrained layer, and the piezo-
electric composite constraining layer are denoted by h, hv, and hp,
respectively. The piezoelectric fibers in the piezoelectric composite
layer are coplanar with either the vertical x–z plane or the y–z plane,
and their orientation angle with respect to the vertical z axis is
denoted by  .

Because the thickness of the overall plate is very thin, the first-
order shear deformation theory is used to describe the kinematics of
axial deformations, as illustrated in Fig. 2, where u0 and v0 are the
generalized translational displacements of a point on the middle
plane of the FG substrate plate along the x and y directions,
respectively; �x, �x, and �x are the generalized rotations of the
normals to the middle planes of the FG substrate plate, the visco-
elastic layer, and the piezoelectric composite layer, respectively,
about the y axis; and �y, �y, and �y are the generalized rotations of
these normals about the x axis. According to these kinematics of
deformation, the axial displacements u and v at any point in the
domain of the overall plate along the x and ydirections, respectively,
can be expressed as

uk�x; y; z; t� � u0�x; y; t� �
X3
i�1

zki �z�#ix�x; y; t�

vk�x; y; z; t� � v0�x; y; t� �
X3
i�1

zki �z�#iy�x; y; t�

zk1 � �z� hz� h=2i�; zk2 � �hz� h=2i � hz� h=2� hvi�
zk3 � hz� h=2� hvi; hz� h=2i � z� h=2 for z � h=2

� 0 for z < h=2

hz� h=2� hvi � z� h=2� hv for z � �h=2� hv�
� 0 for z < �h=2� hv�

#1x � �x; #2x � �x; #3
x � �x; #1y � �y

#2y � �y; #3y � �y (1)

where the superscript k designates the FG substrate, the viscoelastic
layer, and the piezoelectric composite layer according as its value is
1, 2, and 3, respectively; the brackets h i are used to define the

Fig. 1 Schematic diagram of a functionally graded plate integrated

with a patch of ACLD treatment.
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Fig. 2 Deformation of any transverse cross sections of the FG plate integrated with the ACLD treatment which are parallel to y–z and x–z planes.
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appropriate singularity functions for satisfying the continuity
condition between any two continua. To use the vertical actuation by
the active constraining layer as well as the transverse normal strain,
the transverse deformation of the overall plate must be considered
in deriving the theoretical model. Thus, similar to the in-plane
displacements, the transverse displacement at any point of the overall
plate can be expressed as

wk�x; y; z; t� � w0�x; y; t� �
X3
i�1

zki �z�#iz�x; y; t�

#1z � �z; #2z � �z; #3z � �z (2)

where w0 is the transverse displacement at a point on the reference
plane, and �z, �z, and �z are the gradients of the transverse
displacements in the substrate FG plate, the viscoelastic layer, and
the piezoelectric composite layer, respectively, with respect to the
thickness coordinate z. For the ease of analysis, the generalized
displacement variables are separated into translational fdtg and
rotational fdrg variables as follows:

fdtg � �u0 v0 w0 �T and

fdrg � � �x �y �z �x �y �z �x �y �z �T (3)

The state of strain at any point of the overall plate is expressed by the
following two strain vectors,

f"bg � f "x "y "xy "z gT and f"sg � f "xz "yz gT (4)

where "x, "y, and "z are the normal strains along the x, y, and z
directions, respectively; "xy is the in-plane shear strain; and "xzand "yz
are the transverse shear strains. Similarly, the state of stress at any
point of the overall plate is described by the following two stress
vectors:

f�bg � f �x �y �xy �z gT and f�sg � f �xz �yz gT (5)

where �x, �y, and �z are the normal stresses along the x, y, and z
directions, respectively; �xy is the in-plane shear stress; and �xz
and �yz are the transverse shear stresses. Considering the Green–
Lagrange nonlinear strain-displacement relations for small strains
and moderate rotations [31], the strain vectors given by Eq. (4) for
the kth layer can be expressed as

f"kbg � f @u
k

@x
� 1

2
�@wk
@x
�2 @vk

@z
� 1

2
�@wk
@y
�2 @uk

@y
� @vk

@x
� @wk

@x
@wk

@y
@wk

@z gT

f"ksg � f @u
k

@z
� @wk

@x
@vk

@z
� @wk

@y gT (6)

Substituting the displacement field given by Eqs. (1) and (2) into
Eq. (6), the strain vectors and their first variations in terms of the
generalized displacement variables can be expressed as

f"kbg �
X2
i�1
��Zki ��Li� � �Zkni��Rni��Lni��fdig

f"ksg �
X4
i�3
�Zki ��Li�fdig

f�"kbg �
X6
i�5
��Zki ��Li� � �Zkni��Rni��Lni��f�dig

f�"ksg �
X8
i�7
�Zki ��Li�f�dig (7)

where � is an operator for first variation. The generalized
displacements fdig and the operator matrices �Li� and �Lni� (for
i� 1; 2; . . . ; 8) in the preceding equation are as follows:

�L1� �

@=@x 0 0

0 @=@y 0

@=@y @=@x 0

0 0 0

2
66664

3
77775; �L2� �

�sL2� �0� �0�
�0� �sL2� �0�
�0� �0� �sL2�

2
64

3
75

�sL2� �

@=@x 0 0

0 @=@y 0

@=@y @=@x 0

0 0 1

2
66664

3
77775; �Ln1� �

0 0 @=@x

0 0 @=@y

" #

�Ln2� �
�Ln1� �0� �0�
�0� �Ln1� �0�
�0� �0� �Ln1�

2
64

3
75

�L4� �
�sL4� �0� �0�
�0� �sL4� �0�
�0� �0� �sL4�

2
64

3
75; �sL4� �

1 0 0

0 1 0

0 0 @=@y

0 0 @=@x

2
66664

3
77775

�L3� � �Ln1�; �L5� � �L1�; �L6� � �L2�; �L7� � �L3�
�L8� � �L4�; �Ln5� � �Ln1�; �Ln6� � �Ln2�
fd1g � fd3g � fd5g � fd7g � fdtg
fd2g � fd4g � fd6g � fd8g � fdrg (8)

The transformation matrices �Zki � and �Zkni� and the matrices �Rni�
appearing in Eq. (7) are also presented in theAppendix. According to
a simple power law, the effective properties of a functionally graded
solid composed of two constituent materials (ceramic and metal) can
be expressed as

P�z� � �Pc � Pm�f0:5� ��1��z=hgr � Pm (9)

where Pc and Pm are the properties of ceramic and metal,
respectively; r is the power-law exponent (0 	 r 	 1); and � is a
positive integer.When� is even, the bottom surface of the FG plate is
metallic (softest) and the top surface of the plate is ceramic (stiffest),
and the reverse holds for odd values of �. Thus, the top surface of the
FG plate can be modeled as the softest surface or the stiffest surface,
according to whether � equals 1 or 2, respectively. Using Eq. (9), the
material properties such as Young’s modulus E�z�, Poisson’s ratio
��z�, the coefficient of thermal expansion ��z�, the thermal
conductivity 	�z�, etc., of the FG substrate plate can be determined,
which are the functions of the thickness z coordinate. The con-
stitutive relations for the material of the elastic FG plate can be
written as [15]

f�kbg � � �Ckbb��f"kbg � f�kg�T� and f�ks g � � �Ckss�f"ksg for k� 1

(10)

where

� �Ckbb�

� E�z�
�1���z���1�2��z��

1���z� ��z� 0 ��z�
��z� 1���z� 0 ��z�
0 0 1=2���z� 0

��z� ��z� 0 1���z�

2
66664

3
77775

� �Ckss��
E�z�

�1���z���1�2��z��
1=2���z� 0

0 1=2���z�

" #

f�kg���x�z� �y�z� 0 �z�z��T

�T�T�z��T0 fork�1 (11)

wherein �x�z�, �y�z�, and �z�z� are the coefficients of thermal
expansion in the x, y, and z directions, respectively, and T�z� is the
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temperature at any point in the substrate FG plate. The temperature
distribution T�z� across the thickness of the FG substrate plate can be
determined from the solution of the following one-dimensional
steady-state heat conduction equations (8–10):

� d

dz

�
	�z� dT

dz

�
� 0 (12)

where 	�z� is the thermal conductivity of the isotropic FG substrate
plate. The solution of Eq. (12) is readily available [10,15], satisfying
T � Tc at a ceramic-rich surface (z��h=2 or h=2 for �� 1 or 2)
and T � Tm at ametal-rich surface (z� h=2 or�h=2 for �� 1 or 2).
The constitutive relations for the 1-3 vertically reinforced piezo-
electric compositematerial in the ambient temperature can bewritten
as

f�kbg � � �Ckbb�f"kbg � � �Ckbs�f"ksg � � �es�f �Eg and

f�ks g � � �Cksb�f"kbg � � �Ckss�f"ksg � � �es�f �Eg
fDg � � �eb�Tf"kbg � � �es�Tf"ksg � � �2�f �Eg for k� 3 (13)

Note that because the ACLD treatment is under operation at the
ambient temperature, the constitutive relations for the viscoelastic
and the piezoelectric layers are independent of the temperature field.

In Eq. (13), the transformed elastic coefficient matrices � �Ckbb�, � �Ckbs�,
� �Cksb�, and � �Ckss�; the transformed piezoelectric coefficient matrices
� �eb� and � �es�; and the matrix of transformed dielectric constants � �2�,
referred to as the user coordinate system, are given by

� �Ckbb� �

�Ck11 �Ck12 �Ck16 �Ck13

�Ck12 �Ck22 �Ck26 �Ck23

�Ck16 �Ck26 �Ck66 �Ck36

�Ck13 �Ck23 �Ck36 �Ck33

2
666664

3
777775; � �Ckbs� �

�Ck14 �Ck15

�Ck24 �Ck25

�Ck46 �Ck56

�Ck34 �Ck35

2
666664

3
777775

� �Ckss� �
�Ck55 �Ck45

�Ck45 �Ck44

" #
; � �Cksb� � � �Ckbs�T

� �eb� �

�e11 �e21 �e31

�e12 �e22 �e32

�e16 �e26 �e36

�e13 �e23 �e33

2
66664

3
77775; � �es� �

�e14 �e24 �e34

�e15 �e25 �e35

" #

� �2� �

�211 �212 �213
�212 �222 �223
�213 �223 233

2
64

3
75 (14)

The electric field vector f �Eg and the electric displacement vector fDg
appearing in Eq. (13) are given by

f �Eg � fEx Ey Ez gT and fDg � fDx Dy Dz gT (15)

where Ex, Ey, and Ez are the electric fields along the x, y, and
z axes, respectively; Dx, Dy, and Dz are the corresponding electric
displacements. In the present problem, the electric field is considered
to act only along the thickness of the piezoelectric composite
constraining layer of the ACLD treatment. Thus, recognizing that
Ez ��V=hp with V being the applied voltage difference across the
thickness of the piezoelectric composite layer, the electric field
vector, referred to as the reference coordinate system, can be
expressed as

f �Eg � f 0 0 �1=hp gTV � fHgV (16)

Using the isothermal stress–strain relation for an isotropic linear
viscoelastic material [32], the stress vector f�ks g (k� 2) for the
viscoelastic damping material layer can be written as

f�ks g �G�t��I�f"ks�0�g �
Z
t

0

G�t � 
��I� @
@

f"ks�
�gd
 for k� 2

(17)

where G�t� is the material relaxation function, the strain vector
f"ks�t�g is restricted to zero for t 2 ��1; 0�, and the matrix �I� is a
(2 
 2) unitmatrix. It is known that the transverse shear deformations
of the viscoelastic layer are attributed to the constrained-layer
damping of the host structure. The extensional stiffness of the
viscoelastic constrained layer is very small as compared with the FG
substrate plate and the piezoelectric composite constraining layer.
Thus, the extensional counterpart of the strain energy for the
viscoelastic layermay be neglected in estimation of the total potential
energy of the overall plate. The first variation of the total potential
energy TP and the kinetic energy TK of the FG substrate plate
integrated with a patch of ACLD treatment can be written as [33]

�TP�
1

2

Z
a

0

Z
b

0

2
64
X3
k�1

k≠2

Z
hk�1

hk

f�"kbgTf�kbgdz

�
X3
k�1

Z
hk�1

hk

f�"ksgTf�ks gdz�
Z
hk�1

hk

f� �EgTfDgjk�3dz�2p�w

3
75dxdy

(18)

�TK �
1

2

Z
a

0

Z
b

0

�X3
k�1

Z
hk�1

hk

��kf� _dtgTf _dtg�dz
�
dxdy (19)

wherep�x; y; t� is a uniformly distributed transverse step load and �k

is the mass density of the kth layer. Because the overall plate is very
thin, the rotary inertia of the overall plate may be neglected, and
hence the rotational velocities are not considered to estimate the
kinetic energy of the overall plate. The overall plate is discretized by
the eight-noded isoparametric quadrilateral element. Thus, the
generalized displacement vectors at any point within the element can
be written as

fdtg � �Nt�fdet g and fdrg � �Nr�fderg (20)

where fdet g and fderg are the nodal generalized translational and
rotational displacement vectors, respectively, and the matrices �Nt�
and �Nr� are the shape-function matrices. The nonlinear equations of
motion for the FG substrate plates integrated with the ACLD
treatment are derived by employing the extended Hamilton’s
principle for the nonconservative system [34]:Z

t2

t1

��Tk � �Tp�dt� 0 (21)

Substituting Eqs. (18) and (19) into Eq. (21) and then using Eqs. (7),
(10), (13), (17), and (20), the nonlinear governing equations of
motion for a typical element of the FG substrate plate integrated with
the ACLD treatment can be derived as

�M�ef �det g � �Ktt�efdet g � �Ktr�efderg

� �Kvtt�e
�
G�t�fdet �0�g �

Z
t

0

�
G�t � 
� @

@

fdet �
�g

�
d


�

� �Kvtr�e
�
G�t�fder�0�g �

Z
t

0

�
G�t � 
� @

@

fder�
�g

�
d


�
� fFetgeV � fFTtge � fFmge (22)

�Krt�efdet g � �Krr�efderg � �Kvrt�e
�
G�t�fdet �0�g

�
Z
t

0

�
G�t� 
� @

@

fdet �
�g

�
d


�

� �Kvrr�e
�
G�t�fder�0�g �

Z
t

0

�
G�t� 
� @

@

fder�
�g

�
d


�
� fFergeV � fFTrg (23)
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wherein the elemental stiffness matrices �Ktt�e, �Ktr�e, �Krt�e, �Krr�e,
�Kvtt�e, �Kvtr�e, �Kvrt�e, and �Kvrr�e; the elemental mass matrix �M�e; the
elemental electroelastic coupling vectors fFetge and fFerge; the
thermal load vectors fFTtge and fFTrge; and the mechanical load
vector fFmge are derived as follows:

�Ktt�e �
Z
ae

0

Z
be

0

��Qbb
ji �j j� 5

i� 1

� �Qbs
ji �j j� 5

i� 3

� �Qsb
ji �j j� 7

i� 1

� �Qss
ji �j j� 7

i� 3

�dxdy

�Ktr�e �
Z
ae

0

Z
be

0

��Qbb
ji �j j� 5

i� 2

� �Qbs
ji �j j� 5

i� 4

� �Qsb
ji �j j� 7

i� 2

� �Qss
ji �j j� 7

i� 4

�dxdy

�Krt�e �
Z
ae

0

Z
be

0

��Qbb
ji �j j� 6

i� 1

� �Qbs
ji �j j� 6

i� 3

� �Qsb
ji �j j� 8

i� 1

� �Qss
ji �j j� 8

i� 3

�dxdy

�Krr�e �
Z
ae

0

Z
be

0

��Qbb
ji �j j� 6

i� 2

� �Qbs
ji �j j� 6

i� 4

� �Qsb
ji �j j� 8

i� 2

� �Qss
ji �j j� 8

i� 4

�dxdy

��Kvtt�e; �Kvtr�e� �
Z
ae

0

Z
be

0

��Qvss
ji �j j� 7

i� 3

; �Qvss
ji �j j� 7

i� 4

�dxdy

��Kvrt�e; �Kvrr�e� �
Z
ae

0

Z
be

0

��Qvss
ji �j j� 8

i� 3

; �Qvss
ji �j j� 8

i� 4

�dxdy

�fFetge; fFerge� �
Z
ae

0

Z
be

0

�fGbj gjj�5 � fGsjgjj�7; fGbj gjj�6

� fGsjgjj�8�dxdy

�fFTtge; fFTrge� �
Z
ae

0

Z
be

0

�fPjgjj�5; fPjgjj�6�dxdy

�M�e �
Z
ae

0

Z
be

0

�m�Nt�T �Nt�dxdy

fFmge �
Z
ae

0

Z
be

0

�Nt�Tffgdxdy

�Qbb
ji � � �Bj�T��Ajbi��Bi� � �Ajbni��Rni��Bni��
� �Bnj�T �Rnj�T��Ajnbi��Bi� � �Ajnbni��Rni��Bni��
�Qbs

ji � � �Bj�T �Ajci��Bi� � �Bnj�T �Rnj�T �Ajnci��Bi�
�Qss

ji � � �Bj�T �Ajsi��Bi�; �Qvss
ji � � �Bj�T �Avjsi��Bi�

�Qsb
ji � � �Bj�T��Ajdi��Bi� � �Ajdni��Rni��Bni��
fGbj g � �Bi�TfAjbeg � �Bnj�T �Rnj�TfAjnbeg

fGsjg � �Bj�TfAjseg
fPjg � �Bj�TfAjTtg � �Bnj�T �Rnj�TfAjnTtg (24)

where ae and be are the length andwidth of a typical element, and the
various strain-nodal displacement matrices, rigidity matrices, mass
parameter �m, and load vector ffg are given by

��Bq�; �Bnq�� � ��Lq�; �Lnq���Nt� for q� 1; 3; 5; 7

��Bq�; �Bnq�� � ��Lq�; �Lnq���Nr� for q� 2; 4; 6; 8

��Ajbi�; �Ajci�; �Ajdi�; �Ajsi��

�
X3
k� 1

k ≠ 2

Z
hk�1

hk

�Zkj �T�� �Ckbb�; � �Ckbs�; � �Cksb�; � �Ckss���Zki �dz

��Ajbni�; �Ajdni�� �
X3
k� 1

k ≠ 2

Z
hk�1

hk

�Zkj �T�� �Ckbb�; � �Cksb���Zkni�dz

�Ajnbni� �
X3
k� 1

k ≠ 2

Z
hk�1

hk

�Zknj�T � �Ckbb��Zkni�dz

��Ajnbi�; �Ajnci�� �
X3
k� 1

k ≠ 2

Z
hk�1

hk

�Zknj�T�� �Ckbb�; � �Ckbs���Zki �dz

fAjseg �
Z
hk�1

hk

�Zkj �T � �es�fHgjk�3dz

�fAjbeg; fAjnbeg� �
Z
hk�1

hk

��Zkj �T; �Zknj�T�� �eb�fHgjk�3dz

ffg � � 0 0 p �T; �m�
X3
k�1

Z
hk�1

hk

�kdz

�Avjsi� �
Z
hk�1

hk

��Zkj �T �I��Zki ��jk�2dz

�fAjTtg; fAjnTtg� �
Z
hk�1

hk

��Zkj �T; �Zknj�T�� �Ckbb�f�kg�Tjk�1dz (25)

Note that because the substrate FG plate is isotropic elastic material,

the matrices � �Ckbs� and � �Cksb� for k� 1 are the null matrices. Also note
that in the preceding formulation, the bending and shear counterparts
of the stiffness matrices are formulated separately, such that the
selective integration scheme can be implemented in a straight-
forward manner.

In the Laplace domain, the function s ~G�s� is referred to as the

material modulus function [30], with ~G�s� being the Laplace
transform of material relaxation function G�t� of the viscoelastic
material. According to the GHM method for modeling the visco-
elastic material in the time domain, this material modulus function is
represented by a series of minioscillator terms as follows [30]:

s ~G�s� �G1
�
1�

XR
q�1

�q
s2 � 2�̂q!̂qs

s2 � 2�̂q!̂qs� !̂2
q

�
(26)

whereG1 corresponds to the equilibrium value of the modulus [i.e.,
the final value of G�t�]. Each minioscillator term is a second-order

rational function involving three positive constants: �q, �̂q, and !̂q.
These constants govern the shape of the modulus function in the
complex domain [30]. Now considering a GHM material modulus
function with one minioscillator term [30], that is,

s ~G�s� �G1
�
1� � s2 � 2�̂ !̂ s

s2 � 2�̂ !̂ s� !̂2

�
(27)

the auxiliary dissipation coordinates fztg, fzrg are introduced as
follows [30]:
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f~zt�s�g �
!̂2

s2 � 2�̂ !̂ s� !̂2
f ~Xt�s�g and

f~zr�s�g �
!̂2

s2 � 2�̂ !̂ s� !̂2
f ~Xr�s�g

(28)

where f~zt�s�g and f~zr�s�g are the Laplace transforms of fztg and fzrg,
respectively, and f ~Xt�s�g and f ~Xr�s�g are the Laplace transform of
the global nodal translational displacement vector fXtg and the
global nodal rotational displacement vector fXrg, respectively.
Taking an inverse Laplace transform of Eq. (28), the time-domain
representation of auxiliary dissipation coordinates can be written as

f�ztg � 2!̂ �̂f _ztg � !̂2fztg � !̂2fXtg � 0 (29)

f�zrg � 2!̂ �̂f_zrg � !̂2fzrg � !̂2fXrg � 0 (30)

In the feedback control strategy, the control voltage supplied to the
ACLD patch can be expressed in terms of the velocities of the global
nodal degrees of freedom as follows:

V ��kd _w��kd�N�f _Xtg (31)

where kdis the velocity feedback control gain, and �N� is a rowmatrix
defining the location of sensing the velocity signal that will be fed
back to the patch. After assembling the elemental governing
equations of motion (22) and (23) in the global space, the velocity
feedback control strategy (31) is invoked for deriving the closed-loop
governing equations of motion of the FG plate integrated with the
ACLD patch. Making use of Eqs. (27) and (28) in the Laplace
transform of the closed-loop governing equations and subsequently
taking inverse Laplace transform of the resulting equations, the
following global equations of motion are obtained:

�M�f �Xtg � �Ctt�f _Xtg � �Kctt�fXtg � �Kctr�fXrg � �Kdtt�fztg
� �Kdtr�fzrg � fFTtg � fFmg (32)

�Crt�f _Xtg � �Kcrt�fXtg � �Kcrr�fXrg � �Kdrt�fztg � �Kdrr�fzrg � fFTrg
(33)

where

�Ctt� � kdfFetg�N�; �Crt� � kdfFerg�N�
�Kctt� � �Ktt� � �Kvtt�G1�1� ��; �Kdtt� � � �Kvtt�G1�
�Kctr� � �Ktr� � �Kvtr�G1�1� ��; �Kdtr� � ��Kvtr�G1�

�Kcrt� � �Krt� � �Kvrt�G1�1� ��
�Kcrr� � �Krr� � �Kvrr�G1�1� ��; �Kdrt� � ��Kvrt�G1�

�Kdrr� � � �Kvrr�G1� (34)

wherein �Ktt�, �Ktr�, �Krt�, �Krr�, �Kvtt�, �Kvtr�, �Kvrt�, and �Kvrr� are the
global stiffness matrices; �M� is the global mass matrix; fFmg is the
global nodal mechanical force vector; fFetg and fFerg are the global
electroelastic coupling vectors; and fFTtg and fFTrg are the global
nodal thermal load vectors. After imposing the boundary conditions,
the global rotational degrees of freedom fXrg can be condensed from
Eqs. (29), (30), and (32) to obtain the following final global closed-
loop equations of motion in terms of the global nodal translational
degrees of freedoms fXtg and the dissipative coordinates fztg and
fzrg as follows:

� �M�f �X�t�g � � �C�f _X�t�g � � �K�fX�t�g � f �Fg (35)

where

� �M� �
�M� � ~Ott� � ~Otr�
� ~Ott� �Itt� � ~Otr�
� ~Ort� � ~Ort� �Irr�

2
664

3
775; � �C� �

�C1
tt� � ~Ott� � ~Otr�
� ~Ott� �Cz2tt � � ~Otr�
�C3
rt� � ~Ort� �Cz3rr �

2
664

3
775

� �K� �
�K1

tt� �Kz1tt � �Kz1tr �
�K2

tt� �Kz2tt � � ~Otr�
�K3

rt� �Kz3rt � �Kz3rr �

2
664

3
775

f �Fg � �� fF1
Tg � fFmg�T f ~OtgT fF3

TgT �T

fX�t�g � � fXt�t�gT fzt�t�gT fzr�t�gT �T

�C1
tt� � �Ctt� � �Kctr��Kcrr��1�Crt�; �K1

tt� � �Kctt� � �Kctr��Kcrr��1�Kcrt�
�Kz1tt � � �Kdtt� � �Kctr��Kcrr��1�Kdrt�; �Kz1tr � � �Kdtr� � �Kctr��Kcrr��1�Kdrr�

fF1
Tg � fFTtg � �Kctr��Kcrr��1fFTrg; �Cz2tt � � �Itt��2!̂ �̂�

�K2
tt� � ��Itt�!̂2; �Kz2tt � � �Itt�!̂2; �C3

rt� � !̂2�Kcrr��1�Crt�

�Cz3rr � � �Irr��2!̂ �̂�; �K3
rt� � !̂2�Kcrr��1�Kcrt�

�Kz3rt � � !̂2�Kcrr��1�Kdrt�; �Kz3rr � � �Irr�!̂2 � !̂2�Kcrr��1�Kdrr�
fF3

Tg � !̂2�Kcrr��1fFTrg (36)

wherein � ~Ott�, � ~Otr�, � ~Ort�, f ~Otg, and f ~Org are the null matrices and
vectors with the same order of �Ktt�, �Ktr�, �Krt�, fzt�t�g, and fzr�t�g,
respectively.

III. Numerical Results and Discussions

To assess the performance of the vertically reinforced 1-3
piezoelectric composite material as the constraining layer of the
ACLD treatment for controlling the nonlinear vibrations of the FG
plates under a thermal environment, the numerical results are
evaluated considering a square FG substrate plate integrated with a
square patch of the ACLD treatment (Fig. 1). A regular 8 by 8 mesh
of eight-noded quadrilateral isoparametric elements is chosen after
convergence. The linear part of the bending stiffness matrix is
integrated by full integration (3 
 3 Gauss rule), and the nonlinear
counterpart of the bending stiffness matrix and the shear stiffness
matrix are integrated by reduced integration (2 
 2Gauss rule) [31].

TheNewmark-betamethod is adopted as the numerical integration
scheme, and at each time step, the direct iteration method is
employed to solve the equations [35]. The value of the time step used
for the integration is selected as 50 
s. The aspect ratio s� a=h of
the square substrate FG plate composed of zirconia and aluminum
alloy is considered as 100, with the thickness of the plates being
4 mm. The thickness of the viscoelastic material layer and the
piezoelectric composite material layer of the ACLD patch are
considered as 50 and 250 
m, respectively.

Unless otherwise mentioned, the fiber orientation angle  in the
piezoelectric composite constraining layer is 0 deg, the applied
uniformly distributed step load acts vertically upward, and themetal-
rich surface of the FG substrate plate is at the ambient temperature of
300 K. The control voltage across the thickness of the piezoelectric
composite constraining layer of the ACLD patch is negatively
proportional to the velocity of the midpoint (a=2, b=2, and h=2) of
the substrate plate. Young’s modulus E, the coefficient of thermal
expansion �, and the thermal conductivity 	 of the constituent
materials of the FG plate can be expressed as the function of
temperature within the temperature range of 300 K–800 K as
follows [36].

Aluminum alloy:

E�T� � �74� 23 
 10�3T � 11 
 10�5T2 � 51 
 10�9T3� GPa
��T� � �1:6 
 10�5 � 3:45 
 10�8T � 3:3 
 10�11T2

� 2:4 
 10�14T3� K�1; 	� 218 W=mK (37)
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Zirconia:

E�T� � �225 � 20 
 10�2T � 90 
 10�6T2 � 4 
 10�9T3� GPa;
��T� � �1:48 
 10�5 � 2:2 
 10�8T � 1:15 
 10�11T2 � 4:0


 10�15T3� K�1;
	�T� � �11 
 10�1 � 16 
 10�5T � 19 
 10�7T2 � 97


 10�11T3� W=mK

(38)

The temperature at any point across the thickness of the FG plate can
be determined using the solution [10,15] of Eq. (12); subsequently,
using Eqs. (9), (37), and (38), the effective material properties at any
point in the FGplate are computed. Because the thermal conductivity
of ceramic phase (zirconia) is weakly dependent on temperature
variation, it is assumed as a constant having the numerical value
as 1:8 W=mK. The density of the ceramic phase (zirconia) is
3000 kg=m3 and that of the metallic phase (aluminum alloy) is
2707 kg=m3. Poisson’s ratio is assumed to be constant, having the
value of 0.33 over the domain of the FG substrate plate. The material
properties of the viscoelastic layer in terms of the GHM parameters
are considered as [23]

G1 � 3:887 
 104 N=m2; �1 � 2:3263 
 104

�2 � 4:1977 
 101; �3 � 3:5174 
 101

!̂1 � 6:6169 
 106; !̂2 � 3:2854 
 104

!̂3 � 4:7515 
 104; �̂1 � 3:0787; �̂2 � 1:4288 
 102

�̂3 � 6:1785 
 102; �� 789:5 kg=m3

The effective elastic and piezoelectric coefficients of the vertically
reinforced 1-3 piezoelectric composite material are as follows [26]:

C11 � 9:293 GPa; C12 � 6:182 GPa; C13 � 6:054 GPa

C33 � 35:44 GPa; C23 � C13; C44 � 1:58 GPa

C66 � 1:54 GPa; C55 � C44; e31 ��0:1902 C=m2

e32 � e31; e33 � 18:4107 C=m2; e24 � 0:004 C=m2

e15 � e24; �� 3000 kg=m3

The following simply supported boundary conditions are used to
evaluate the numerical results:

v0 � w0 � �y � 0 at x� 0; a and

u0 � w0 � �x � 0 at y� 0; b

So far, no literature is suitably available for comparing the results for
the present problem being studied in this paper. Hence, to verify the
implementation of the GHM method, the linear dynamic responses
of a simply supported FG substrate plate are computed in the
frequency domain using both the GHMmethod and the conventional
complex-modulus approach when the patches are passive and
the overall plate is in the stress-free temperature environment
(Tc � Tm � 300 K). Note that in the finite element formulation,
when �Rni� (i� 1, 2, 5, 6) are considered as null matrices, the
governing equations of motion and hence Eq. (35) become linear,
describing the linear behavior of the overall FG plate. In the GHM
method, the frequency-response function can be computed from the
following equation:

fXg � �� �K� � i!� �C� � !2� �M����1f �Fg (39)

and, in the complex-modulus approach, the same can be obtained
from the following equation:

fXtg � ��K�i!�� � !2�M����1fFmg (40)

Fig. 3 Verification of the finite element model: a) the implementation of the GHMmethod (a=h� 100, a� b, r� 1:0, and �� 1) and b) the numerical

integration scheme.
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where

�K�i!�� � ��Ktt� � �Kvtt�G�i!�� � ��Ktr� � �Kvtr�G�i!����Krr�
� �Kvrr�G�i!���1��Krt� � �Kvrt�G�i!�� (41)

where G�i!� is the complex shear modulus of the constrained
viscoelastic layer. Considering a point transverse load 1e�i$tN at the
point a=4, b=4, and h=2, with ! being the driving frequency, the
frequency response for the deflection at the point a=4, b=4, and h=2
of the overall plate computed by the two approaches are shown in
Fig. 3a. It may be observed that the frequency response by the GHM
method with a single-term GHM expression (�1 � 2:3263 
 104,

!̂1 � 6:6169 
 106, and �̂1 � 3:0787) is in excellent agreement with
that obtained by the complex-modulus approach. For further
verification of the present finite element model and the numerical
integration scheme implemented to compute the nonlinear transient
responses, a nonlinear transient vibration analysis is carried out in the
presence of a temperature gradient through the thickness of the FG
substrate plate integrated with the passive (kd � 0) and negligibly
thin [�hp � hv� � 0] ACLD patch. The transient responses at the
center of this FG substrate plate are computed and compared with
those of an identical FG plate without being integrated with the
ACLD patch, as shown in Fig. 3b. Thematerial properties, boundary
conditions, and mechanical and thermal loading considered by
Reddy [9] are used for computing the results plotted in Fig. 3b.
Excellent matching of the results can be observed from this figure,
verifying the present finite element model as well as the numerical
integration scheme.

Because the applied mechanical load is the only disturbance to the
host FG plate to cause its oscillation, the magnitude of this
mechanical disturbance is to be chosen properly such that the host
plate undergoes nonlinear oscillations. Such a value of the applied
mechanical load can be predicted from the plots for the variation of
the center deflection of the host FG substrates with the applied static
mechanical load in the absence and presence of a thermal envi-
ronment, as shown in Fig. 4. Thus, in the absence of a temperature
gradient (Tc � Tm � 300 K), based on the plot illustrated in Fig. 4,
the nonlinear transient responses of the simply supported thin FG
substrate plates are computed considering the intensity of the
uniformly distributed mechanical load as 20 kN=m2 or more. In the
presence of the temperature gradient (Tc > 300 K andTm � 300 K),
if this thin simply supported FG substrate plate with a heated
ceramic-rich bottom surface is subjected to the upward mechanical
load, then the FG plate may exhibit snap-through response [from S01
to S001 for Tc � 500 K and from S02 to S

00
2 for Tc � 600 K (Fig. 4)].

Fig. 4 Variation of center deflection of the simply supported FG

substrate plate (r� 1:0, �� 1, and Tm � 300 K) with the applied
uniform pressure load.

Fig. 5 Nonlinear transient responses of the overall FG plate (Tm � Tc � 300 K and p� 30 kN=m2): a) the center deflection (r� 1:0 and �� 1), b) the

control voltage, c) the phase plot, and d) comparison of the responses when the patch is attached to the ceramic-rich or metal-rich surface of the host

FG plate.
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Hence, to avoid such instability, the value of the intensity of the
applied uniformly distributed step load is considered as 20 kN=m2

for computing the nonlinear flexural transient vibration responses of
this simply supported thin FG plate.

To investigate the performance of the vertically reinforced 1-3
piezoelectric composite as the constraining layer of the ACLD
treatment, the nonlinear transient responses at the midpoint of a
simply supported overall FG plate under a stress-free thermal
environment (Tc � Tm � 300 K) are illustrated in Fig. 5a. As
displayed in this figure, the active (kd ≠ 0) piezoelectric composite
constraining layer significantly increases the performance of the
ACLD patch over the conventional passive (kd � 0) damping.
This suggests the potential use of the vertically reinforced 1-3
piezoelectric material as the constraining layer of the ACLD treat-
ment for controlling the nonlinear vibrations of the FG plates. The
control voltage presented in Fig. 5b corresponding to the gain used
for the transient response shown in Fig. 5a is quite low. The phase
plot shown in Fig. 5c indicates the stability of the overall plate.
Figure 5d illustrates the nonlinear transient responses at themidpoint
of the FG substrate plate when the patch of the ACLD treatment is
attached to either the ceramic-rich or metal-rich top surfaces of the

substrate plate. As displayed in this figure, the performance of the
patch for controlling the nonlinear vibrations when attached to the
softest surface (metal-rich) of the plate is better than that when
bonded to stiffest surface (ceramic-rich) of the plate.

It is obvious that if the piezoelectric stress–strain coefficient e33 is
considered to be zero, then the effect of the induced transverse
normal stress in the active piezoelectric composite constraining
layer will be absent in the computed nonlinear transient response.
Hence, the contribution of this induced transverse normal stress for
improving the damping characteristics of the host FG plate may be
evaluated from the nonlinear transient responses when the numerical
value of the piezoelectric stress–strain coefficient e33 is considered as
zero or nonzero.

Figure 6a illustrates such transient responses for transverse
displacement at the center of the overall FG plate with (e33�
18:4107 N=m2) and without (e33 � 0) considering the induced
transverse normal stress in the active piezoelectric composite
constraining layer of the ACLD patch. It may be observed from this
figure that the induced transverse normal stress in the active
piezoelectric composite constraining layer of the ACLD patch
contributes significantly larger than the induced in-plane stresses in

Fig. 6 Nonlinear transient responses at the center of the FG plates integrated with a patch of ACLD treatment: a) r� 1:0, �� 1, Tc � Tm � 300 K,

p� 30 kN=m2, b) �� 1, Tc � Tm � 300 K p� 30 kN=m2, and Vmax � 300 V.

Fig. 7 Effect of piezoelectric fiber orientation angle in the x–z plane of the piezoelectric composite constraining layer on the center deflection of the FG

plate (�� 1, Tc � Tm � 300 K, , p� 30 kN=m2).
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Fig. 8 Effects of variations of a) piezoelectric fiber orientation angle and b) control gain on the performance of the ACLD patch attached on the top
surface of the FG plate (�� 1).

Fig. 9 Nonlinear transient responses of the overall FG plate under a thermal environment (r� 1:0, �� 1, Tm � 300 K, and p� 20 kN=m2): a) the

center deflection, b) the control voltage, c) the phase plot, and d) responses for different values of Tc (Vmax � 300 V).
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the active piezoelectric composite constraining layer for causing
active damping of the host FG plate.

The nonlinear transient responses at the center of the overall FG
plates with different volume fraction index r are shown in Fig. 6b,
and the maximum value of the control voltages (Vmax) for all cases is
300V. Because a decrease in the value of the volume fraction index r
causes an increase in the amount of the ceramic phase, the resulting
FG substrate plate becomes stiffer. Thus, as the value of r decreases,
the time period and the deflections of the plate are reduced (Fig. 6b).
An important aspect of this study is to investigate the effect of
variation of piezoelectric fiber orientation angle in the obliquely
reinforced 1-3 piezoelectric composite constraining layer of the
ACLD patch on its control authority.

For a particular value of maximum control voltage (Vmax�
300 V), Figs. 7a and 7b illustrate the nonlinear transient responses at
the center of the overall plate for different values of piezoelectric
fiber orientation angle  , and the piezoelectric fibers are coplanar
with the vertical x–z plane. It may be observed from these figures that
the performance of the ACLD patch decreases as the piezoelectric
fiber orientation angle in the piezoelectric composite constraining
layer increases either in the clockwise (negative) or in the anti-
clockwise (positive) sense from the vertical z axis. The performance

of the ACLD patch does not depend on the sign of the piezoelectric
fiber orientation angle. To quantify the performance of the ACLD
patch for controlling the geometrically nonlinear vibrations of the FG
substrate plates, a performance index is defined as follows:

Id �
At�0 � At�0:25s

At�0

 100 (42)

where Id measures the percentage diminution of amplitude of
nonlinear transient vibrations of the overall plate after 0.25 s. For a
particular value of maximum control voltage (Vmax � 300 V), the
variation of this index with the variation of the piezoelectric fiber
orientation angle from�45 to 45 deg has been illustrated in Fig. 8a. It
may be observed from this figure that the performance of the ACLD
patch is maximum when the piezoelectric fiber orientation angle in
the piezoelectric composite constraining layer is 0 deg. As expected,
the variation of the control gain affects the performance of the patch
in a nonlinear fashion, as shown in Fig. 8b.

Similar to the results in the absence of a thermal environment
(Fig. 5a), the vertically reinforced 1-3 piezoelectric composite
constraining layer is also capable of increasing the active damping
characteristics of the overall plate over the passive damping in the
presence of the temperature gradient through the thickness of the host
FG plate, as shown in Fig. 9a. Because the mechanical load and the
temperature field across the thickness of the FG substrate plate with a
heated ceramic-rich bottom surface cause upward and downward
deflections of the overall FG plate, respectively, the vibrations of the
overall plate occur about an equilibrium position that is displaced in
the negative (downward) direction, as shown in Fig. 9a. The control
voltage illustrated corresponding to the gain used for the transient
response shown in Fig. 9a is quite low and has been plotted in Fig. 9b.
The phase plot shown in Fig. 9c indicates the stability of the overall
FG plate under the thermal environment. Figure 9d illustrates the
nonlinear transient responses at the center of the overall FG plate for
different values of the temperature of the ceramic-rich bottom surface
of the FG substrate plate, and themetal-rich top surface of the same is
exposed to the room temperature. The maximum value of the control
voltages (Vmax) for the responses in Fig. 9d is 300 V. As displayed in
this figure, when the temperatures of the ceramic-rich bottom surface
of the host FG plate are 400, 500, and 600 K, the amplitudes of
vibrations are reduced by 57.74, 50.1, and 49.02%, respectively,
after 0.25 s. Thus, the performance of the ACLD patch decreases

Fig. 10 Controlled nonlinear transient responses at the center of the
simply supported overall FG plates with different values of r (�� 1,

Tm � 300 K, Tc � 600 K, p� 20 kN=m2, and Vmax � 300 V).

Fig. 11 Effect of piezoelectric fiber orientation angle in the x–z plane of the piezoelectric composite constraining layer of the ACLDpatch attached on

the top surface of the FG plate under a thermal environment (�� 1, Tc � 600 K, Tm � 300 K, Vmax � 300 V, and p� 20 kN=m2).

PANDA AND RAY 1431



with the rise in the temperature of the ceramic-rich bottom surface of
the host FG plate.

For a particular value of the temperature of the heated ceramic-rich
surface (Tc � 600 K) of the FG plate, Fig. 10 exhibits that as the
value of the volume fraction index r increases, the initial deflection
of the plate increases, and the time period and the amplitude of
vibrations of the plate are reduced. The FG plate is basically an
antisymmetric plate wherein the coupling of stretching and bending
deformations occurs. Thus, when the plate is not subjected to the
applied mechanical load, the plate undergoes initial bending
deflections due to the stretching of the plate caused by applied
thermal gradient. If the effective coefficient of thermal expansion of
the plate increases, this initial bending will be enhanced, which is the
case when the metallic constituent of the plate increases due to the
increase in the value of r.

In the presence of a temperature gradient across the thickness of
the host FGplate, the nonlinear transient responses at the center of the
overall plate for different piezoelectric fiber orientation angles in the
piezoelectric constraining layer are plotted in Figs. 11a and 11b and
maintain the same value of maximum control voltages for all cases.
It may be observed from these figures that the performance of
the ACLDpatch decreases as the piezoelectric fiber orientation angle
 increases either in the negative (clockwise) or in the positive
(anticlockwise) direction from the vertical z axis. In Fig. 11c, the
variation of performance index Id within a range of piezoelectric
fiber orientation angles from �45 to 45 deg exhibits that the
performance of the ACLD patch is maximumwhen the piezoelectric
fibers are parallel to the vertical z axis ( � 0 deg).

IV. Conclusions

This paper is concerned with the investigation of the performance
of the vertically and obliquely reinforced 1-3 piezoelectric composite
materials for active-constrained-layer damping (ACLD) of smart
functionally graded (FG) plates undergoing geometrically nonlinear
transient vibrations in the thermal environment. A three-dimensional
finite element model has been developed for the functionally graded
plates integrated with a patch of ACLD treatment, and the con-
straining layer of the ACLD treatment is considered to be composed
of the vertically/obliquely reinforced 1-3 piezoelectric composite.

The novelty of the finite element model is that both in-plane and
transverse actuations by the constraining layer of the ACLD treat-
ment have been used for active damping of nonlinear vibrations of
the host FG plates. The temperature field is assumed to be spatially
uniform over the substrate plate surfaces, and it varies across
the thickness of the host FG plates. The temperature-dependent
material properties of the FG substrate plates are graded in the
thickness direction according to a simple power-law distribution, and
Poisson’s ratio of the plates is assumed to be a constant.

For the time-domain analysis, the viscoelastic constrained layer of
the ACLD patch is modeled using the Golla–Hughes–McTavish
method. The kinematics of deformation of the overall plate is defined
based on the first-order shear deformation theory. The numerical
results revealed that using the vertically reinforced 1-3 piezoelectric
composite material as the constraining layer of the ACLD patch
significantly improves the damping characteristics of the FG plates
over the passive damping for controlling the nonlinear vibrations of
the plates in the absence and presence of the temperature gradient
across the thickness of the plates. The performance of the ACLD
patch decreaseswith the increase of the temperature gradient through
the thickness of the FG plate. The analysis reveals that if the volume
fraction index of the FG plate increases, then the time period and the
amplitudes of the controlled response decrease under a thermal
environment. The analysis also reveals that the performance of the
ACLD patch is more when it is attached on the softest surface of the
host FG plate than when it is attached on the stiffest surface of the
same. More important, it is found that the contribution of transverse
actuation by the constraining layer of the ACLD patch for causing
active damping of the host FG plate is significantly larger than that of
in-plane actuation by the same. The best performance of the ACLD
patch is attained when the piezoelectric fiber orientation angle in the

active constraining layer of the patch is 0 deg with respect to the
vertical z axis.

Appendix: Matrices Appearing in Eq. (7)

�Zk1��

1 0 0

0 1 0

0 0 1

0 0 0

2
66664

3
77775; �Zkn1��

1=2 0 0

0 1=2 0

0 0 1

0 0 0

2
66664

3
77775

�Zkn5��

�sZkn5� �0� �0�
�0� �sZkn5� �0�
�0� �0� �sZkn5�
�0� �0� �0�

2
66664

3
77775

�Zk3�� �I�2
2; �Zk2�� � �Zk2i�i�1 �Zk2i�i�2 �Zk2i�i�3 �

�Zk4�� � �Zk4i�i�1 �Zk4i�i�2 �Zk4i�i�3 �

�Zkn2�� � �Zkn2ij�i�1;j�2 �Zkn2ij�i�2;j�3 �Zkn2ij�i�3;j�1 �

�Zk5�� �Zk1�; �Zk6�� �Zk2�; �Zk7�� �Zk3�; �Zk8�� �Zk4�
�Zkn6�
� � �Zkn6ijm�i�1;j�2;m�3 �Zkn6ijm�i�2;j�1;m�3 �Zkn6ijm�i�3;j�1;m�2 �

�Rn1��
@w0=@x 0

0 @w0=@y

@w0=@y 0

2
64

3
75

�Rn2��
�Rn2i�i�1 �0� �0�
�0� �Rn2i�i�2 �0�
�0� �0� �Rn2i�i�3

2
64

3
75

�Rn5��
@fsRn5g=@x �0� @fsRn5g=@y
�0� @fsRn5g=@y @fsRn5g=@x

" #
T

�Rn6��
�Rn6i�i�1 �0� �0�
�0� �Rn6i�i�2 �0�
�0� �0� �Rn6i�i�3

2
64

3
75

where �I� is the unitmatrix and the various submatrices are as follows:

�Zk2i� �

zki 0 0 0

0 zki 0 0

0 0 zki 0

0 0 0 @zki =@z

2
66664

3
77775

�Zk4i� �
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0 @zki =@z 0 zki
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�1sZkn2ij� �0� �0�
�0� 1
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2
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3
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2
66664

3
77775
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1
s �Zkn2ij� � � 1=2�zki �2 zki zki z

k
j �; 2s �Zkn2ij� � � zki �zki �2 zki z

k
j �

�sZkn6ijm� � � �zki �2 zki zki z
k
j zki z

k
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